1. Introduction. In the consideration of metabelian groups G of order p n + z which contain a given abelian group H of order p n and type 1, 1, • • • , there enters an irreducible cubic congruence
(1) x z + yx 2 -ax + j8 s 0, (mod p).
It is necessary to determine how many congruences (1) Such operators U u U 2 , U z obviously exist. The condition that { Ui, U 2 , Uz} contain no operator permutable with any operator, except identity, of {si, s 2 } is readily seen to be that (1) be irreducible, (mod p). The group G = {H, UI, U 2 , UZ} is a subgroup of the holomorph of H. For the sake of simplicity in the subsequent computations we shall show that generators of G may be chosen so that 7 = 0, provided p>3. Let s{ =SiS2~\ Ui = Uî x U 2i and Ui = UiÜ2 2 Uz. The operators s{, s 2 , • • , s n , U u Ui, Ui generate G, and satisfy (2) with new numbers a', j8', y', where
Hence by repeating this transformation we may reduce 7 to * Presented to the Society, October 28, 1933. t See my paper, On the metabelian groups which contain a given group H as a maximal invariant abelian subgroup. This paper has been offered to the American Journal of Mathematics. zero provided p^3. We may therefore assume that y in (2) is zero. The congruence (1) then becomes
There are many pairs a, /3 such that (3) is irreducible and each such pair determines a group of the type in question. It is necessary to determine how many of these groups are distinct. We shall show that there is just one such group by proving the following theorem. THEOREM 1. In any given group whose generators satisfy (2) with 7 = 0 and no relations which are not consequences of (2), generators may be chosen to satisfy (2) with y' = 0 and a' and 0' the coefficients of an arbitrary irreducible cubic of the form (3).
We consider the following choice of generators of G, not the most general on account of the complexity of the required computations. We take
We require a, • • • , m x to be such that the new generators satisfy (2), with 7 = 0. The transformation misses complete generality only because of Ui. The requirement that the commutator of Ui and si be the same as that of U( and si gives
Solving this system for k> I, and m, we have
where p=c 3 -ab 2 c+/3è 3 , which cannot be zero because (3) is irreducible. The operator Ui = Ui k U2 l Uz m is not a power of Ui because si and si are independent, which makes c -ab different from zero. We may now compute the exponents of s 6 f =s 3 W, the commutator of Ui and si. They are
Computing the commutator of U( and si and requiring it to be si, we get the system
We avoid the solution of this system by taking account of the fact that if the commutator of U{ and s{ is expressible in terms of the commutators of U{ and s( and si, as it must be if the resulting cubic takes the form (3), it must be independent of 5B, and hence
Using this congruence with the last two of the system above, we get
The first congruence of the system above then takes the form of a condition on a, b } and c. It becomes
Hence if a, &, and c are chosen to satisfy (7), fe, /, and m are determined by (5) and ku h, and mi by (6) so that the new generators of G satisfy (2) and the corresponding cubic, which must still be irreducible, is in the form (3). The condition that U{, Ui, and Us be independent is that the determinant of the exponents of £A, U2, and Us in the expressions for them be not zero. This determinant is (c -ab) z /p 2 and the condition is satisfied.
If we denote the transformed cubic by
and examine the exponents of s 3 and s 4 in the commutator of Uz and s{, we obtain the following congruences :
which we may solve for a' and j8'. The result is
/3' = (a 3 -c*a + /3)/p.
We next take the irreducible congruence (3) and consider the effect of a linear fractional transformation on the variable x. Let this transformation be
If the coefficients a, b, and c are residues (mod p) and if they satisfy (7), the transformation changes (3) into
where j8' and a' are given by (9). In fact the condition (7) is the condition that the coefficient of x' 2 in the transformed congruence be zero. Hence the transformation (10) on the variable x is the same as the transformation (4) on the generators of G. We may then study all transformations (4) by studying transformations (10). Now the irreducible congruence (3) defines a Galois field GF(p z ) in which the congruence has three roots. Any other irreducible cubic congruence, for example (8), defines a GF(p z ) simply isomorphic with the first. The congruence (8) is therefore reducible in the GF{p z ) defined by (3). If X is one of the roots of (8), then the three roots are* X, Z^andX^.
Any mark X in the GF(p*) may be written
where x is a root of (3) and y, ô, and e are rational, that is, in the GF(p), Then in order to prove our theorem we need only to show that rational numbers a, ô, and c can be found such that (10) transforms a root of (3) into (11). Setting (11) equal to the right-hand side of (10), we obtain a = (/V + 8e)/(ay* -5 2 + ye), By means of this transformation we are able to classify all cubic congruences of the form (3) in three types : those for which (a) a = 0; (b) ce = 1 ; and (c) ce is a particular number not a square, (mod p). Let us consider the possibility of transforming (3) into an irreducible congruence of the same form except that ce = 0. By means of (7) we may change the value of ce' in (9) to (14) a ' = (c -ab) 
[a(c + ab) -3$b]/(cp).
Hence if a is to be zero, then a, &, and c must be chosen so that If c = 0 and (7) is satisfied, we must have a = 3j8/ce and excepting the case where ce = 2 these values require b to be zero if ce' is to be zero. Therefore, in general, we must have
Since a must be rational it follows that * This is a special case of a transformation which only appears to be more general than (4). Irreducible congruences of the form (16) exist when p is of the form 6& + 1 and do not exist when p is of the form 6& -1. The irreducibility of the congruence (3) says that the group {s ly ^2} contains no operator permutable with any operator of { Uu U2, Uz}, a property independent of the choice of generators of the two groups. Hence the irreducibility of (3) implies the irreducibility of (16). Therefore (15) is a square when p is of the form 6k +1 and is not a square when p is of the form 6k -1. The quantity (15) is the product of -3 and the discriminant of (3). Now -3 is or is not a square according as p is of the form 6& +1 or 6k -1, and consequently the discriminant of an irreducible cubic is always a square.*
Method of Writing all Irreducible Cubics of the Form (3).
The following considerations give an easy method of writing all the irreducible cubics of the form (3) when p is of the form 6& + 1. Start with any irreducible cubic in the form (16). Since a = 0, the transformation (4) will have its coefficients subjected to (7) changed to ac 2 + $b 2 s 0.
The» first relation of (9), or (14), becomes
a! = 3ac(c -ab)/(bp).
Setting a' = l and combining these two relations to eliminate j8, we have c(c -ab)(3a -be) = 0.
Therefore if a' = 1, we have 3a = be and we may solve for a and b in terms of c. This gives (17) a= -*7(90), *= -*V(3/3).
The determinant c -ab could be zero only if c(27fi 2 -c 6 ) were zero which is impossible since j8 is not a cube. Hence c may be chosen at random (different from zero) and a and b may then be determined so that a' = 1. The value of /3' is then (18) p' = (a 3 + 0)/p = (27/3* + c 6 )/(27/3c 3 ).
The condition that two values of /3' given by (18) for two numbers c and c' be the same is
Again recalling that j8 is not a cube, we see that this requires that c 3 = c' 3 . Therefore, by taking (p-l)/3 numbers c whose cubes are distinct, we obtain (£-1)/3 distinct numbers ]8', each of which determines an irreducible cubic of the form x z -x+/3' = 0. By means of this transformation and the one which changes (3) into (13), we may obtain all the irreducible cubics (3) for which a is a square from any irreducible cubic of the form (16). If we let a' be k, instead of 1 as above, and carry through a computation similar to the above, we obtain
Hence we have the following theorem. This theorem gives a straightforward method of writing without duplications all the irreducible cubics of the form (3) when p is of the form 6& + 1 and a non-cube j8 is known. In the case of p of the form 6& -1 we have not been able to obtain a like result. There is, however, one interesting formula which we shall give.
We have given an arbitrary irreducible cubic (3) and we apply the transformation (4) whose exponents are subject to the condition (7). Since a, b, and c are rational, (7) imposes a restriction on a. Also, (7) determines the ratio of c and b in terms of a. If we let a = 3j8/a, we find Since the discriminant of the cubic is a square, b can be chosen so that a f = 1. The corresponding value of /3' is -729/3 4 a z b*(4a* -27/3
2 )
The ratio of /3' to a' is -9/3 2 /(a z b). If we take a in (3) to be 1 and determine b in (20) so that a' is 1, we have 0' = -0(4 -2i^yi\
We have therefore the following theorem. THEOREM 3. ƒƒ £ is of the form 6k -1 and # 3 -#+/3 = 0 w irreducible, then x z -x+/3(4 -27/3 2 ) 1/2 = 0 is a/stf irreducible. If ]8 in the above theorem is not 1/3, the second cubic is distinct from the first. By repeated applications of the theorem we obtain a set of cubics of the form # 3 -#+/3 = 0, but in general we do not obtain all of them.
